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of the expansion in powers of the curvature tensors (up to quadratic terms) 
and their derivatives, as well as in derivatives of the background scalar field 
(up to second derivatives). The renormalization group improved effective La- 
grangian is studied, what gives the leading-log approach of the whole pertur- 
bation theory. An analysis of the effective equations (back-reaction problem) 
on the static hyperbolic spacetime 1R 2 x H 2 /T is carried out for the simplest 
version of the theory: m 2 = and N — 1. The existence of the solution 
H 2 x H 2 /T, induced by purely quantum effects, is shown. 

PACS: 04.62. +v, 03.70. +k, ll.10.Gh 
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1 Introduction 



There is little to say about the importance of the effective action formalism 
in modern quantum field theory and quantum cosmology. If we had at our 
disposal a closed form for the action of the theory of quantum gravity — which 
still does not exist as a consistent theory — we would be able to construct a 
reasonable picture of the early universe which, presumably, would contain the 
inflationary stage (for a review see [|). Unfortunately, even in frames 
of the rather simple approximations to quantum gravity based on quantum 
field theory in curved spacetime (for a review see 0, |5|, |6|), it is impossible 
to find the effective action in a closed form. 

First of all, one has to work in perturbation theory and, as a rule, in the 
simplest one-loop approximation. However, even in this case there appear 
some limitations, connected with the fact that it is impossible to calculate 
the one-loop effective action in general curved spacetime. 

For that reason, there are a lot of explicit calculations of one-loop effective 
actions mainly for some simple models (like the A<y? 4 -theory and scalar electro- 
dynamics) in specific backgrounds paying special attention to the role of con- 
stant curvature [7]- [11], topology [12]-[22], a combination of both |23|, p5|1 , 
and, finally, to the anisotropy in different Bianchi-type universes [26]- [33]. 

If we still want to obtain information connected with general properties 
of curved spacetime, a very useful method is the quasilocal approximation 
scheme for the effective action in curved spacetime [6], [34]- [37]. This will be 
the main method applied in the present work, where we continue the study 
of the effective Lagrangian in curved spacetime. In particular, using heat- 
kernel techniques, we will derive the one-loop effective Lagrangian in a scalar 
self- interacting 0(iV)-theory, thus generalizing existing results for the Ay? 4 
theory in curved spacetime. (For the 0(iV)-sigma model in two dimensions 
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see 0). 

Some technical problems, which appear in such calculations are discussed 
in sections 2 and 3, where the computation of the one-loop effective action 
and its renormalization is performed. Section 4 is devoted to an attempt to 
discuss higher-loop effects. For that reason we use the renormalization group 
(RG) to improve the effective Lagrangian and to obtain it in the leading-log 
approximation of the whole perturbation theory. In section 5 we analyse the 
back-reaction problem, following the early attempts of [32], [39]- [42] (for a 
review see ||), using the static hyperbolic space H 2 x H 2 /T with varying 
radius as a background, and using two different approximations for the ef- 
fective action: the exact one-loop effective action [^] and the RG improved 
effective action. The existence of a quantum solution induced by matter is 
shown. Section 6 summarizes the main results. Finally, appendix A presents 
the technique of diagonalization of the matrix describing the potential of the 
0(A r )-field, which we need for the calculation of the one-loop effective action. 



2 The one-loop effective action 

The aim of this section is to derive a quasilocal approximation for the effective 
action in a self-interacting 0(iV)-symmetric model described by the action 



3[(f>,9^\ = - / d n x\g(x)\i 



M 



(2.1) 



Here M is a smooth ^-dimensional manifold with Lorentzian metric g^ w — 
diag(— ,+,..., +), 4> = (</>i, 4>n) is an iV-component scalar field, and U((f>) 
is a potential describing the self-interaction of the scalar fields and which 
contains, furthermore, local expressions of dimension n, involving curvature 
tensors and nonquadratic terms in the field, independent up to a total diver- 
gence. The latter terms have to be included to ensure renormalizability of 



the theory. 

Expanding the action ( [O] ) around its classical minimum in powers of 
the fluctuations 4> = <t> — 4>, leads to 



S[4>,g^] = S^ + S^ + S^ + ... 

Here describes the contribution of the classical background field 0, 
Sy>,gfj, v ], is linear in <p and 

= 1 f d n x\g{x)\? [ dryMytfhWMMv) 



2 

M M 

contains the relevant quadratic contributions of the fluctuations, the only 
relevant ones in the one-loop calculation we are going to perform. Obviously, 

leading to the fluctuation operator 

D = -A + U(i), (2.2) 

with 

t/(#) y = U"(4>)e iej + ^M(5 tJ - e t e,), (2.3) 

where the normalized background field e, = 0j/y^ has been used. 

The effective action of the theory is then expanded in powers of h as 

r[0] = ^,^] + rw + r', (2.4) 



r« = ^lndet^ (2.5) 



with the one-loop contribution I^ 1 ) to the action being 

- In det — 

2 /i 2 

and higher-loop quantum corrections T'. The introduction of the arbitrary 
mass parameter /i is necessary in order to keep the action dimensionless. 



The most interesting quantity for us in this section will be the derivative 
expansion of the effective action Q2.4Q , that is 



.//,,„] = j d n x\g(x)\* 

M 



V(4>) + ^x(0)(0A0) + ^Z 2 (0)A0 2 



(2.6) 



where as many as possible of the derivative terms are assumed to be written 
in a form depending only on 0(iV)-symmetric quantities. 

Our first goal will be to compute the quantities V{<j)) and Zi(p) in equa- 
tion (|2.6| ) up to quadratic powers in the curvature tensors and up to second 
derivatives of the curvature terms. The tool we shall use to achieve this 
result will be zeta-function regularization in combination with heat-kernel 
techniques. In the zeta-function regularization scheme the functional deter- 
minant in eq. ( |2.5| ) is defined by ^3 



(2.7) 



r (1) M = -2 [aO)-CD(0)ln/i 2 



where Cd( s ) is the zeta-function associated with the operator D, eq. 
and the prime denotes differentiation with respect to s. This means that, Xj 
being the eigenvalues of D, the zeta-function (d(s) is defined by 



Cd(s) 



E 



dt t s - l e- iX ^ 



/ dt t^trKix.x.t), 
Jo 



r(a) Jo 

where the kernel K (x, x', t) satisfies the equations 



(2.8) 



d 

i—K(x, x , t) 
dt v 1 

\miK{x, x', t) 



DK(x,x',t), 
\g\~z5(x, x'). 



(2.9) 



In order to obtain the derivative expansion, eq. ( |2.6|) , of the effective action, 



the following ansatz by Parker and Toms is suggested 
.Avm(x,x' 



K(x,x',t) 



fl(x, x' , t) exp < i 



cr 2 (x, x') 



At 



t ( U(<f>) - -R 



where a(x, x') is the proper arc length along the geodesic x' to x and Avm{x, x') 
is the Van Vleck-Morette determinant. For t — > the function Q(x, x', t) may 
be expanded in an asymptotic series 



;2.io) 



Q(x,x',t) = ^2ai(x,x')(it) 1 , 
1=0 



(2.11) 



where the coefficients a>i have to fulfill some recurrence relations. Using the 
ansatz (|2.10|) , it has been shown in ref. [0, that the dependence of a/, 
I = 1, oo, on the field <fi is only through derivatives of the field. 

Up to the order to which we are going to calculate the effective action, 
we need only to include contributions up to 03. Then, for the zeta function 
eq. ( |2.8| ) one finds 



Cd(s) 



IV 



xtr < exp 



dt t 



s-l- 



(2.12) 



-it ( U{<j>) - -R 



a — a 2 t 2 — ia 3 t 3 + ... 



where a\ = has been used. In order to calculate the trace in equation (|2.12| ), 
one has to diagonalize the matrix U (0) — This is done in Appendix A. 

For the calculation of the effective action let us restrict ourselves to the 
most interesting case U{4>) = (l/2)(m 2 + (,R)4> 2 + (A/4!)0 4 in n = 4 di- 
mensions. Then, as is seen by diagonalizing the matrix U(<fi), two different 
masses 
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arise. By denoting the part of the effective action that results from the 
coefficient and by using 

b 2 = -±-(AR + R^R*""" - R^RT) 

loll 

for the purely geometrical part of the (^-coefficient, we find 



^(i) 



.(i) 



M \ ™ / 



32tt 2 



d 4 x\g(x)\ • 



In 



-20A0 + I A0 2 - -i-A0 4 



6o Ami 



+ ln 



iV6 2 - -(N - I) Am 
6 



32vr 2 



<i 4 a;|g(:c)| 2 



A 5 



108mf 



1 



: Am\ 



1 



2 (0A0) - -0 2 A0 2 + -A0' 



A 2 



108m 2 , 



A<p 4 



The complete one-loop effective action is then given as the sum 

r« = rf + rf + r« 



(2.13) 



(2.14) 



(2.15) 



(2.16) 



of the contributions in equations ( |2. 13| j- ( PTT5| ) . 



3 Renormalization 

The quantum correction rW[0] depends on the arbitrary renormalization 
scale /i. This dependence will be now removed by the renormalization proce- 
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dure which we are going to describe. As is well known by now, one is always 
forced to take into consideration the most general quadratic gravitational 



Lagrangian [48|, and so one is led to consider the classical Lagrangian 



+e R + \eiR 2 + e 2 C + e 3 G + e 4 nR, 



(3.1) 



with the corresponding counterterm contributions 



+5e R + ^eiR 2 + 5e 2 C + 5e 3 G + 5e 4 aR 



(3.2) 



which are necessary in order to renormalize all coupling constants. With 
C and G we indicate, respectively, the square of the Weyl tensor and the 
Gauss-Bonnet density. They read 

1 



r~l D JDflvpa r) p p/xf i pi 

L> — ti^vpati — ^tiiiyti + -K 

o 

G = R^vpaR^ 1 " 7 — AR^W 1 " + R 2 . 



(3.3) 
(3.4) 



The renormalization conditions are given by 



A 
A 



m 



£2 



(j>=(p ,R=0i 



d 2 L 
dL 



=ipi,i?=0' 



=0,iJ=0' 



dRdcf) 2 
dL 



dR 
d 2 L 

dR 2 
dL_ 

dC 



=0,i?=0' 
,=0,R=R 5 i 
=0,R=R 6 ' 



(3.5) 
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^3 = 


dL 






dG 


0= 


=0,-R=R 7 ' 




dL 






e 4 = 


dUR 


</,=0,R=i? 8 " 




dL 






V = 




4>=<P9, R=o 



Conditions (|3.5|) determine the counterterms to be 

,2,„2 \,„4\ 



64vr 2 5A 

64vr 2 5A 
647r 2 5m 2 
64vr 2 <5£ 
64vr 2 fe 

64 7 r 2 fe 1 

647T 2 fc 2 
647T 2 fe 3 



647T 2 fe 4 



-64?^ 



2 24 / 

+z (M 10 , M u , X) + (N — l)z (M 20 , M 21 , A/3), 

zi(M n , X) + (N - l)z 1 (M 2 i, A/3), 
z(A) + (JV-l)*(A/3), 
z 3 (M 13 ,A) + (iV-l)z3(M 2 3,A/3), 
2iVm 2 fe- i") fl-ln^V 



-2iv(«-i) ; in 

/i 2 60 V ; /i 2 



^ 2 : 



60 



1 -in 4 

/i 2 



180 
1 



+ 



1 (JV-Dln.^ 



A. Ml 



In 



180 

M 2 



18 



hi 



19 



A 



+ — (N — 1) In 



M 2 9 



p 2 18 v ' /j 2 
AV 2 AV 2 (iV-4) 



lOSMfg 

where we have introduced 



216MI 



29 



Ml, 



Ml, 



A 



and the functions 



-Am <f + Am </? In — + 



A 2 ^ ln M 2 
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r4 i IV1 , O1V1 



-M 4 log + 



2M{ 



*i(Mi,A) 
*(A) 

^ 3 (M 3 ,A) 



^ 2 12M 4 

~ 6A ln ^ + l^ mT' 



2 ' 



2Am" 



6 



which describe essentially the counterterms of a single scalar field. 

For the sake of generality, we choosed different values ifi, Ri for the def- 
initions of the physical coupling constants. This is due to the fact that, in 
general, they are measured at different scales, the behaviour with respect to 
a change of scale being determined by the renormalization group equations 
we shall derive in a while. 

After some calculation one finds the renormalized effective action. Ac- 
cording to equation Q2.16Q , we split it into three parts 



r(i) = p« 

ren O.ren 



+ r (1) + r (1) 

1 2, ren 1 3, ren" 



(3.7) 



As we have seen in the renormalization, it is useful to introduce functions 
describing the contributions coming from the different masses. Thus, we 
define 



2 / 2 

7o(m 1 , M u , A) = m 4 In + AmVo ( ln 



+2m z [ £ 
AM 



I) R (log 

o/ V m 



2 
2 



r 



i 



+ v 



R 2 



M? 5 



+ 



+ 



log 
1 



Ml 
Ml, 



i—JR 



log 



Wi 



log 
6 



3 4(Mi! - m 2 ) + m 2 ) 
2 

ml 2 3 A<^ 2 



M 2 3 



M 2 3 



+ 



4m 2 (m 2 + M^) ) A 
3M^ 



2^4 



3 





m? 1 
log — - - 




+ m 2 


) 


2 





(3.8) 



A0 2 



11 



and 



C 



mi 
I, 



180 



In 



mi 



- ] A/? In 



.(3.9) 



Using this, the renormalized versions of ( 2.13 ) and ( 2.14 ) read, respectively, 



2r(l) 



— 327r / m 2 <^ 2 1 

^. n (4 N 

9 \m|. 



O.ren 



647r 2 Lg en 



+ 7 oK, M 2 , A) + (iV - l) 7 oK, M 2 -, A/3), 



-20A0+^A0 2 --i-A0 4 
2 4fA 2 



(3.10) 



— (iV-l)A0 2 ln(^ 
18 V 1 V \M? 



29, 



-A0 2 In 
6 



' ml ' 
M 2 9 , 



-A A 2 ln 
18 ^ 



ml 



+ 72 (m 2 , Mj) + (iV - l) 72 (m 2 , Mj). 

The part L3 ren is directly given by equation (|2.15|) because here no renor- 
malization of this term is necessary. 

When considering the case of a constant background field, <f) = const, the 
term Lgren reduces to the contributions of 72, furthermore, L^ ren is equal to 
zero by construction. 

Summarizing, we have obtained here the one-loop renormalized effective 
Lagrangian in the 0(iV)-model in curved spacetime. The next section will be 
devoted to an attempt (using RG) to include higher-loop effects by improving 
the effective Lagrangian. 



4 RG improved effective Lagrangian for the 
0(N)-theory 

We discuss in this section the RG improvement of the effective Lagrangian. 
As is well known, the RG improved effective Lagrangian sums all leading 
logarithms of perturbation theory. We start again from the multiplicatively 
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renormalizable Lagrangian ( |3.1| ) in curved spacetime, where curvature invari- 
ants are necessary in order to make the theory multiplicatively renormaliz- 
able. Multiplicative renormalizability results in the standard RG equation 
for effective actions (and, here, also for the effective Lagrangian) 

where Aj = {A, m 2 , £, rj, A, e , ei, e 2 , e 3 , e 4 } are all the coupling constants of the 
theory in the matter sector as well as in the external gravitational field sector, 
(3i are the corresponding /5-functions and 7 is the anomalous dimension of 
the scalar field. 

Application of the method of characteristics to ( J4.1[ ) immediately yields 
the solution 

L eff (fi, X h 0) = L eff (fi(t), X^t), 4>(t)), (4.2) 

where 

^ = A(A,(t)), A,(0) = A i5 (4.3) 

fx(t) = fie 1 , 0(t) =0exp ^— J dt' 7(t')^ • 

The one-loop /^-functions of the theory can be easily found, from the calcu- 
lations in the previous section, in the following form: 

( N + 2 )^ 2 

A" 2 = N9 Am , 



3(4vr) 2 
/V + ! 
?(4?r) 
X(N + 2 
;/ ~ 30(1-)-' 



(TV + 2) / 1 
& " "3(4^^" 6 



0; 



NmA 



13 



Nm 2 U 



&1 

A, 



(An) 2 

(4tt) 2 
iV 

120(4tt) 2 ' 
AT 



360(4vr) 2 ' 

The solution of the RG equations (fO| ) is easily found to be 

(A^ + 8)At\ _1 



A(t) 
m 2 (t) 

rj(t) 
A(t) 



A 1 



m 2 \l- 



3(4tt) 2 / ' 

)_ iV+2 
iV+8 



1 

6 + 
r/ + 

A- 

eo - 

ei - 
e 2 + 

?3 



1 



5 6 
N + 2 



1 - 



In 



12(N + 8) 

3Nm 4 
2A(4 - N) 

3Nm 2 (jj - | 
A(4 - AT) 



A(4 - AO 

Nt 
120(4tt) 2 ' 
Nt 



)_ JV+2 
iV+8 

_ (AT + 8) At " 
3(4vr) 2 

4-A 

_ (AT + 8)At \ N +* _ 
3(4tt) 2 J 

4-A' 

(A^ + 8)At \ "+ 8 
, 3(4vr) 2 ) 

4-A' 

(N + 8)At\ N +* 
" 3(4vr) 2 J 



360(4tt) 2 ' 

Note that, as it follows from those expressions, in the IR-limit (t — > — oo) 
— where the theory is asymptotically free — the matter-sector coupling con- 
stants tend to approach their conformally invariant values. 

Now, using the classical Lagrangian (|3.1|) as boundary function, we get 
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the RG improved effective Lagrangian in the leading-log approximation: 

+ l -(m 2 {t) + i(t)R)ft + A(t) + e (t)R + 

+e 2 {t)C + e 3 (t)G + e 4 (t)nR. (4.5) 

Here, the question of the choice of t appears. As we see from the results of 
the one-loop analysis of the previous section, there are two effective masses: 

ml = m2 + ^Y+(t-l) R i 

Evidently, there is no choice of t which eliminates all logarithms of the pertur- 
bation theory. However, we may, of course, consider separately the different 
regions for the parameters of the theory. 

In particular, for large 2 we have the natural choice t = (1/2) ln(0 2 //i 2 ). 
Then eq. ( f4.5| ) controls the large 2 behaviour of the effective potential. 
Similarly, for large values of the mass, m 2 > <f) 2 , m 2 > \R\, we have another 
choice t = (1/2) \n(m 2 //j, 2 ). Eventually, we do not know the way how to solve 
this problem of writing the RG improved effective potential for the theory 
under discussion in a unique form valid for all regions of the parameters of 
the theory. 

For the massless theory in flat space, the potential ( |4.5| ) adopts the 
Coleman- Weinberg form (for a discussion of RG improved effective po- 
tentials, see also [50]- [53]). As has been recognized recently [54]- [56], the 
RG improved effective potential for massive theories in flat space includes 
some term corresponding to the running of the vacuum energy (the poten- 
tial at zero 2 ). In the above approach this term appears as the effective 
cosmological constant A(t), that provides a very natural interpretation of it. 
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Let us restrict ourselves to the case when N = 1. Then the RG improved 
effective potential is given again by (|4.5|) (see also f57j), with the natural 
choice 

1. m' + «+((-i)fi 



- 2"' 2 „» " ■ <«» 

So, we are able to construct a RG improved potential which has the same 
form for the whole parameter region in the case N = 1. 

Another case of particular interest is the massless one. Limiting ourselves 
here to linear curvature terms, we get the following RG improved effective 
Lagrangian for the 0(iV)-theory 

Leff = ^dpM + V(t)^ 2 + \i{t)R^ 2 + A(*)^ + A(t) + e (t)R, (4.7) 

where t = (1/2) ln(0 2 //x 2 ). Of course, curvature should be chosen to be 
slowly varying. In a similar way, taking into account the fact that the choice 
of t is actually unique, one can get the RG improved effective Lagrangian for 
a large variety of massless theories in curved spacetime 



5 The back-reaction effect in hyperbolic space- 
time 

As a further application of the results of the previous sections, we would like 
here to consider the back- reaction effect. In order to obtain some concrete 
information on the back-reaction, we have to restrict ourselves to some space- 
time with a higher symmetry. Note that for time-dependent backgrounds 
the back-reaction problem is very difficult to study, even in the case of free 
fields H [40], [41], |42j, due to the fact that the effective equations include 



higher derivative terms as is clearly seen also from our effective Lagrangian 
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(3.10). That is why, unfortunately, we were not able to apply our quite 
general formalism of the first sections to the back-reaction problem on time- 
varying backgrounds (that demands very involved numerical calculations). 
Note however that recently an interesting approach to the back-reaction has 
been developed ||59|| , which shows the way to reduce the problem to the 
low-derivatives case. Instead, we limit ourselves to the space of constant 
curvature. We choose the spacetime IR 2 x H 2 /T, where T is a co-compact 
discrete group in PSL(2, 1R) containing only hyperbolic elements This 
choice is interesting for the following reasons. First of all, it has been shown 
that nontrivial topology might have considerably influenced the early uni- 
verse and is in principle observable [[H], |62[] . From another point of view, for 
that spacetime exact results for the one-loop effective potential are at hand 



25], and one is able to see, in which specific range the effective potential ob- 
tained in this paper is a good approximation to the exact result, and where 
it fails to be so. 

Let us first start our considerations from the RG improved effective po- 
tential (|4.5|) , choosing for simplicity N = 1 and m 2 = 0. We are aware of the 
fact that in this case our approximation is not quite good, since we are loosing 
the part of the whole information connected with the non-trivial topology. 
However, we hope to get some hint from the results obtained, because we 
have included some higher loop corrections in this approach and, also, below 
we will present a similar analysis using the outcome of the mentioned explicit 
one-loop calculation of the effective action on 1R 2 x H 2 /T, thus showing the 
influence of the topology in detail. This will also justify our qualitative result 
for the purely quantum solution (see (5.8)). 

Taking into account the properties of the space under consideration, 
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namely 



R 



4- Jd 4 x^=V(F)p 2 



(5.1) 



we obtain 



V{F) 



Kt)^f - am 2 + Ht) P 2 - 2e (t) + 

4! or 



(5.2) 



where 



1 A^2-2(^-l/6)^ 

2 g /i 2 



A(t) = A 1 - 



3A£ 



1 



e(*) = « + U-s 1 



6 



1 



6 



3At 
(4^)2 



-1/3 



ci(0 = ei- T K-s 



A 



6 



1 



3\t 
(4^)2 



1/3 



Notice that here the only non-trivial parameter of the metric is p. Hence, 
the effective equations are given by: 



QSeff _ q 9Seff 

d(f> dp 
Then, using S e ff (|5.2|), we get 

1 



0, e (t) = eo, A(t) = A. 



A 



(5.3) 
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A(t)p 2 2 -2£(t) + £(£,£,,„ 
o 2 



A(t)p> 4 + 2p 4 A - 4 £l (t) + 2(f - l/6)fl(t, £, 



0, (5.4) 



being 



Xp 4 (f) 4 ( 3At 
\ ~ (4tt) 5 



-~u-~)p¥Mi 



3At 
(4^ 



-4/3 



(5.5) 



3At 
(4^ 



-2/3' 



3A 



Ap 2 2 



2 k 



Let us now consider some simple, different cases. 
(1) Case = 0. Here we have two possibilities. 
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(la) Subcase A ^ 0. Then we obtain a perturbative solution of the form 



2 ii _ A (f _ I 

A AA V 6 



+ (4tt) 2 a e) f 1 



3At 
2,\t ' 



1/3 



-2/3' 



1/4 



2ei\ 1/4 



+ o(h). 



(5.6) 



(^6,) Subcase A = e x = 0. In this special case we obtain a purely quantum 
solution, by solving 



3Xt 



1 - 



3At 



2/3 



A 



0. 



(5.7) 



(4vr) 2 V (4vr) 2 / 2(4tt) 2 

with t = (1/2) ln[— 2(£ — l/6)(pp)~ 2 ]. Assuming that A is small, we get (with 
very good approximation): t ~ —2, that is 

1 



(ppY 



(5.8) 



- 2e 2 (£-l/6)' 

which has sense only for £ < 1/6. Although, as we mentioned, one may not 
trust the approximation, we will see that also the one-loop effective potential 
leads to the existence of a purely quantum solution. That we will show below 
using the one-loop effective potential calculated with the help of the Selberg 
trace formula on 1R 2 x H 2 /T in p5| . 

(2) Case ^ 0, £ = 1/6. Here, assuming again A small, from eq. (|5.4j) the 
following expressions are easily obtained: 



212 



and combining them, we get 



ApV 4 + 24 Ap 4 ~ 48ei, 



(5.9) 



6A 



A 



V 



1 \V4 

J 




* Je x \ - 1/12 



(5.10) 
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which have sense only in the case A < 0, e\ < 1/(12A), or else A > 0, but 
then €\ > 1/(12A). And those are the only possibilities which come out of 
the simple cases considered here. All the other cases are difficult to handle 
analytically. 



To get an idea of the reliability of the approximation, we must first state 
the exact result for the A<p 4 -theory derived in p5| and then perform a similar 



analysis. Without going into the details of the calculation (the interested 
reader may consult p5| ) the effective potential reads 



S, 



eff 



p z 4! 



128tt 2 112 



25 



AW + 2A0 7 



9 



(5.11) 



+ 



p 2 L 



3t - — £ 
12^ 



79 



960 



8X 16ttH 

— + 

P 2 



£AW-4A^U-i) + ^(U-i) + — 



x 



6 



2e 



1 



6 



180 



A0V 



where 



X 



H 



/ 



drr(r 2 + 5 2 ) ln 1 + 



'1 — tanh7rr) 



(5.12) 



Z is a Selberg type zeta-function and, furthermore, 5 2 = (£R+ (A/2)0 2 )p 2 
and e = £ — 1/8. It may be shown, that in the limit of small curvature 
the resulting equation ( |5.11| ) reduces to the adiabatic approximation ( |3.10| ), 
apart from finite renormalization terms. From (|5.11|) one easily finds the 
effective equation ( |5.3|) determining the backreaction, 



V~\F) 



dS, 



eff 



2 13 



(5.13) 



20 




21 



where we have introduced 



a 



-46! 



6 




1+ln (f 



960 



79 1 



+ 16X- 




32nH 



c = 2A. 

For A ^ 0, using the ansatz p = exp[— a/(2b)]p (one has always b > 0), 



Depending on the values of a, 6, c, the number of solutions may be two, one 
or none. 

If A = 0, ei = 0, then one finds the purely quantum solution (pM) 2 = 
exp(— a/b), where one-loop topological effects are included exactly and are 
seen to be of importance. However, it is of course difficult to find the explicit 
values of a, since H is very hard to calculate. Notice that, in principle, in 
order to be consistent one should include into the discussion quantum gravity 
(for example, in frames of Einstein gravity). We expect that such an inclusion 
will not change qualitatively the solutions of the effective equations. Note, 
finally, that the analysis of the case <fi ^ is extremely complicated, due once 
more to the structure of H, and will not be presented here. 



equation ( |5.16 ) reads 



ce ~-tr p 4 = ln(pM). 



(5.17) 



6 Conclusions 



In new inflationary models the effective cosmological constant is obtained 
from an effective potential, which includes quantum corrections to the classi- 
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cal potential of a scalar field |49| . For that reason an intensive effort has been 
dedicated to the analysis of the one-loop effective action of a self-interacting 
scalar field in curved spacetime. In this paper we have continued this re- 
search by considering a self-interacting O(N) scalar theory in curved space- 
time. First of all we have obtained the derivative expansion of the effective 
action of the theory (sections 2 and 3). It is seen from the analysis, that two 
different effective masses arise, the expansion being consistent if both effec- 
tive masses are large as compared to a typical magnitude of the curvature 
and to the variation of the background field. Based on the one-loop analysis 
we have then discussed the RG improvement in section 4. As an application 
of this study we have considered the back-reaction problem in hyperbolic 
spacetimes of the type 1R 2 x H 2 /T. The specific way the hyperbolic space 
is induced as a result of quantum effects is clearly seen for some values of 
the parameters. When comparing the RG improved result with the exact 



result available in that case |[25|| , we have seen that topology plays in fact an 
important role in this kind of spacetimes. This, however (as is well known), 
may not be seen by using the local adiabatic approximation scheme. 

Let us also say that one may arrive, qualitatively, to the same conclusions 
when considering the spacetime 1R x H 3 /T, using the results in ]21 . 

As a further application let us mention the symmetry breaking consid- 



erations presented in |37| for N — 1. Based on our new analysis they can 
be extended to arbitrary N. In fact, restricting ourselves to = const, by 
comparing with the case N = 1, the new result is that the quantum cor- 
rections to the mass of the field consist of two pieces, corresponding to the 
two effective masses involved. The first piece is the N — 1 result, the second 
piece is (N — 1) times the first one with the replacement A — > A/3. Thus 
the conclusions for special cases, like maximally symmetric spaces and others 
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(see ||37||), are easily taken over. Especially in the limit iV — > oo the second 
mass m\ = m 2 + (£ — l/6)i?+ (A/6)0 2 is the important one and in this limit 
the relevant results are found from |37| by putting A — > A/3. Note, however, 
that these qualitative considerations maybe considerably changed in a rigor- 
ous analysis as by the direct effect of a Goldstone mode in the spontaneous 
symmetry breaking phase and also by the possible appearence of a scalar 
condensate. These questions will be discussed elsewhere. 
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A Appendix: Diagonalization of the matrix 

The aim of this appendix is the diagonalization of the matrix U (0) — (l/6)i2, 
which is needed for solving equation (|2.12|) . As given in equation (|2.3| ), we 
have 



U{$)-\r) = <hS,, ■ .[<,<,. (A.l) 

O / ij 



with 







In order to diagonalize the matrix in equation ( A.l ), we have to solve the 
eigenvalue equation 

U(<j>)vW = XjV ij) , j = 1, N. (A.3) 
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By doing this for N = 2, 3, it is possible to guess the result for arbitrary N. 
We have found 



\i = d+f; X 2 = . 
with the corresponding eigenfunctions 



A 



N 



d, 



(i) (0 
v \ = e ,; v \' 



e i5 Vj 



U) 



-ei, 4 J) =0, MU- 



(A.4) 



(A.5) 



This determines the matrix S 1 , which diagonalizes the matrix C/(0) by Udiag{4>) 
S^UfyS, to be 

/ 



S 



ei 


e 2 


e 3 • 




e 2 


-ei 
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e 3 





-ei • 


• 



\ 



and its inverse 



ei 

e 2 - 
e 3 







-ei y 



e 2 

ei 

^e 3 

ei ° 



e 3 



^e 2 

ei z 
_l-e| 
ei 



'■2 



e N 



e N 



^e 2 

ei z 

^e 2 

ei z 



1-e 2 



With these results at hand, equations ( [2.i3j )-( |2TT5| ) are found from 



tr < exp 



-it ( U(<f>) - -R 



CI; 



tr < S exp 



-it ( U(<t>) - ~i? 



r / 



tr < 



exp(-it[d + /]) 

exp(— itd) 








S 1 a, S' > . 



exp(— itd) j 



(A.6) 



(A.7) 
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